We have studied the free expansion of a Bose condensate in which both the usual s-wave contact interaction and the dipole-dipole interaction contribute considerably to the total interaction energy. We calculate corrections due to dipolar forces to the expansion of such a condensate after release from a trap. In the Thomas-Fermi limit, we find that the modifications of the shape of the expanding condensate are independent of the total number of atoms.
Introduction
In the atomic Bose-Einstein condensates (BECs) realized so far, the atoms interact essentially only at very short distance (van der Waals interaction) compared to the separation between atoms. The only relevant parameter that characterizes the interaction is the s-wave scattering length [1] . Recently dipole-dipole interactions in atomic BECs have attracted increasing interest [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . These interactions would greatly enrich the variety of phenomena to be observed due to their long-range and anisotropic character.
Atoms like rubidium and sodium which have been successfully Bose condensed possess a magnetic dipole moment, but it is very small. Their contact interaction greatly dominates over the magnetic dipole-dipole interaction. However, two recent proposals consider dipolar effects in these atomic condensates. In the first we suggested [11] a method to measure the ratio between dipolar forces and s-wave scattering from the amplitude of a quadrupole oscillation, which is excited by rotating the magnetic dipoles appropriately. The second proposal [12] suggests reducing the s-wave scattering length in rubidium to less than 0.1 nm using a Feshbach resonance [13] ; under these circumstances the magnetic dipole-dipole interaction has a sizeable effect on the properties of a condensate.
We focus here on another atom as a possible candidate for the realization of a dipolar condensate, namely chromium. Chromium atoms have a larger magnetic moment of m = 6 µ B , where µ B is the Bohr magneton, and interact with nonnegligible dipole-dipole forces (the magnetic coupling ∼m 2 is 36 times larger than the corresponding coupling in Rb and Na). If the s-wave scattering length is not too large, then dipolar forces could be observed directly through small but appreciable modifications in the ground state density distribution or even in the occurrence of instability.
In many cases, trapped condensates are too small to obtain accurate images in absorption imaging and therefore the condensate is released from the trap in order to expand. For this reason the study of the expansion of a condensate is important (see [14] ). The signatures of the dipolar interaction in the free expansion of a condensate have been studied in the recent proposal [12] (for an earlier and preliminary study see section 4 of [15] ). In the regimes considered in [12] (and in [15] ) the zero-point kinetic energy is comparable to the dipole-dipole energy.
In this paper we study the expansion of a dipolar condensate from a different and complementary perspective. We consider the limit of a large number of atoms, namely the Thomas-Fermi limit. In this limit the kinetic energy has a very small effect on the ground state density distribution. This physically relevant case also represents an ideal situation from an experimental point of view because an observable quantity like the modification of the condensate shape is independent of the number of atoms. In this limit the condensate anisotropy depends directly on the ratio between s-wave and magnetic coupling and the trap anisotropy. In contrast, when the zeropoint kinetic energy is non-negligible the physical quantities of interest depend strongly on the number of atoms.
The paper is organized as follows. In section 2 we introduce the magnetic dipolar interaction. This interaction can be manipulated using a time dependent magnetic field [11] . This may be used to improve the observability of the dipolar interaction. Section 3 is dedicated to the Thomas-Fermi limit and the main approximations we made to determine the anisotropy of the dipolar condensate. The results on the expansion of a dipolar condensate are presented in section 4. Section 5 is devoted to the conclusions.
Magnetic dipole interaction and its tunability
We consider for simplicity a dipolar gas of neutral atoms harmonically confined at the bottom of a cylindrically symmetric optical trap, with ω z and ω r as the longitudinal and radial trap frequencies respectively. The s-wave scattering length a is assumed to be positive. We assume the atomic magnetic moment m to be oriented along a sufficiently strong time-dependent magnetic field given by
(
The time dependence is introduced to improve the observability of dipolar effects as detailed below and in section 4. The frequency of the radial component of the magnetic field is chosen such that ω Larmor ω trap , where ω trap is any of the trap frequencies. This corresponds to the assumption that the atoms are not moving during one rotation of the magnetic field and the magnetic moments will adiabatically follow the total magnetic field. The resulting effective long-range part of the interatomic interaction, predicted by us in [11] , is given by
where θ is the angle between the interatomic separation vector r and the z-axis and ϕ is the angle between the magnetic field (1) and the z-axis. Here m is the atomic magnetic moment and µ 0 is the magnetic permeability of the vacuum. The angle ϕ serves as a 'knob' to tune the dipolar interaction in real time. Indeed ϕ can still have a time dependence but with frequencies much lower than . The time modulation of the dipolar interaction can be used to improve the observability of dipolar effects. One example will be shown in section 4. A measure of the strength of the dipole-dipole interaction relative to the s-wave scattering energy is given by the dimensionless quantity
where a is the s-wave scattering length. ε dd is defined in such a way that when it is larger than one (ε dd > 1) a homogenous dipolar condensate in a static magnetic field (ϕ = 0 • ) is unstable against collapse in the Thomas-Fermi limit [6] . This instability occurs at ε dd = 1 not only for ϕ = 0
• but also for ϕ = 90
• . The threshold for instability grows when ϕ comes close to the magic angle ϕ = 57
• [11] . If we assume that a Cr is equal to the sodium scattering length (a = 2.8 nm) the dipolar strength parameter becomes ε Cr dd = 0.29 (m = 6 µ B , where µ B is the Bohr magneton). In comparison, for rubidium and sodium the corresponding values of ε dd are much smaller. In contrast, for heteronuclear molecules, we expect a much larger ε dd .
Thomas-Fermi mean-field analysis
Our analysis is based on the zero-temperature (T = 0) meanfield approach already used in the context of dipolar Bose gases [2] [3] [4] . Such a description can be accomplished through the collisionless hydrodynamics equation for superfluids [1] :
where n is the atomic density, v the velocity field and M the atomic mass. Here the mean-field potential V m f is given by
with U dd defined in equation (2) . The condensate order parameter is related to the condensate density and velocity field by the relations = √ n exp(iφ) and v =h∇φ/M [1] . In equation (5), we neglect the termh
n. This is adequate for studying the shape dynamics of an expanding condensate in the limit of a large number of atoms.
The anisotropy of the static dipole-dipole interaction is directly manifest in the modification of the shape of the condensate. In the Thomas-Fermi limit the ratio
of the radial x 2 1/2 and longitudinal width z 2 1/2 of the condensate is independent of the number of atoms, because the dipolar energy has the same scaling dependence as the s-wave scattering energy. In particular, κ varies as function of the 'knob' angle ϕ. The anisotropy parameter κ of the condensate can be studied for an equilibrium situation, in which the condensate is harmonically trapped, or after a free expansion. Generally, the condensate anisotropy κ is a function of the trap anisotropy parameter
The asymptotic values of the anisotropy parameter κ in the free expansion of the condensate (as well as its equilibrium value) can be studied using a time-dependent mean-field variational approach similar to [2, 14] , assuming a Gaussian wavefunction as an ansatz for the condensate order parameter
where ξ η (width) and β η are time-dependent variational parameters and N is the number of atoms. (The asymptotic values as well as the equilibrium values of κ do not depend on the particular choice for the scaling wavefunction in the Thomas-Fermi limit; the inverted parabola used in [11] gives identical results.) It is straightforward to derive the following set of equations for the condensate widths: 
and (d) the mean-field magnetic dipole-dipole energy, which for a cylindrically symmetric condensate is given by
Here, we have introduced the radial width ξ r = ξ x = ξ y . The argument of f corresponds to the condensate aspect ratio ξ r /ξ z = κ defined in (7).
Condensate expansion
In the Thomas-Fermi limit, the ground state value of κ is given by the solution of the following equation:
where the trap anisotropy parameter λ is defined in (8) . It is straightforward to see the standard κ = λ result for a trapped condensate if dipolar forces are absent. When ε dd 1 we can • it is dashed and for 90
• it is dotted. The inset shows
• ) versus the trap anisotropy parameter λ. After expansion, the observability is improved in the 'pancake' geometry (large λ).
evaluate analytically the variation of the aspect ratio κ and the variation of the 'condensate volume'
The condensate's aspect ratio κ is a more universal parameter than the overall size V because it depends only on the trap geometry and not on the number of atoms. In particular the variation of κ is easy to measure because the value of κ in absence of dipolar forces is well known (in the Thomas-Fermi limit, it is given by the trap anisotropy λ; therefore δκ = κ −λ).
Moreover it is possible to change the tuning angle ϕ and measure the difference κ(ϕ = 90
In contrast, the variation of the condensate volume V is more difficult to measure because it requires the knowledge of the number of atoms, a quantity that is usually difficult to determine with sufficient accuracy. From equation (15) it is possible to see that κ is not sensitive to the dipolar forces for both large and small values of λ. (The effect is pronounced for small λ.) This is because the κ ∂ f ∂κ (κ) goes to zero in the two limits κ → 0 and ∞. The stronger linear response of κ to ε dd , i.e. δκ/κ ∼ −0.64ε dd , is obtained for λ ∼ 1.6, i.e. when ω z ∼ 1.6ω r . Figure 1 shows the equilibrium anisotropy parameter κ of the condensate versus the trap anisotropy parameter λ in the Thomas-Fermi regime, calculated for a chromium condensate where an s-wave scattering length of a = 2.8 nm is assumed (ε dd = 0.29). The effect of the dipole interaction is to reduce κ for ϕ = 0
• or to increase κ for ϕ = 90
• with respect to the equilibrium value of κ in the absence of dipolar forces (see figure 1) . Note that by varying ϕ, the total variation of κ can be increased. Thus, the influence of the dipolar force becomes more visible. Now we consider the expansion of the condensate. As for the static properties, the evolution of the condensate anisotropy parameter is independent of the number of atoms in the • it is dashed and for 90
• it is dotted. The inset shows (κ(ϕ = 90
• ) versus the trap anisotropy parameter λ.
Thomas-Fermi limit. Figure 2 shows the asymptotic values of the anisotropy parameter κ (t = ∞) after expansion. In a finite time experiment these values are approximated by the ratios of the velocitiesξ r /ξ z . Similarly to the equilibrium case, the effect of a (weak) dipole interaction is to reduce κ for ϕ = 0
• (or to increase κ for ϕ = 90
• ) with respect to the values κ(t = ∞) in the absence of dipolar forces (see figure 2) . In the absence of dipolar forces κ(t = ∞) is always inverted after expansion.
According to the results shown in figure 2 , a pancake trap will enhance the variation of κ with ϕ. Assuming a = 2.8 nm, the variation of κ is 40%. If ε dd is in reality smaller than our assumption, a simple scheme could be applied to amplify the effect. When the condensate starts expanding, the sign of the effective dipolar coupling should be changed by changing the angle ϕ from 0
• to 90
• (in a timescale much smaller than ω −1 trap and much larger than −1 ). As shown in figure 3 , the observability is further increased with this simple technique.
The particular case of a dipolar condensate initially trapped in an isotropic trap (λ = 1) deserves some consideration. When the condensate is released, its anisotropy, i.e. its shape (cigar deformed for ϕ = 0
• and pancake deformed for ϕ = 90
• ), is conserved during the time evolution.
Conclusions
We have theoretically investigated the static properties as well as the expansion of a dipolar condensate in the Thomas-Fermi regime. This regime represents an ideal situation from an experimental point of view because the asymptotic values of the condensate anisotropy κ are independent of the total number of atoms. Because the dipolar effects in chromium not necessarily are expected to be too large, it is interesting to maximize the dipolar effects in ballistic expansion by tuning external parameters like the trap anisotropy. While in equilibrium an isotropic (or slightly pancake) trap is an optimal geometry to observe dipolar effects in the trap, we found that the pancake geometry is more suitable for expansion measurements since dipolar effects are enhanced.
